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Abstract 

For any countable torsion subgroup H of an unbounded Abelian group G there is a 
complete Hausdorff group topology r such that H is the von Neumann radical of (G, r). In 
particular, any unbounded torsion countable Abelian group admits a complete Hausdorff 
minimally almost periodic (MinAP) group topology. A bounded infinite Abelian group 
i -pH ■ admits a MinAP group topology if and only if all its leading Ulm-Kaplansky invariants 

are infinite. If, in addition, G is countably infinite , a MinAP group topology can be 
chosen to be complete. 
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1 Introduction 



We shall write our Abelian groups additively. For a topological group X, X A denotes the 



group of all continuous characters on X endowed with the compact-open topology. Denote 
by n(X) = n xe x A kerx the von Neumann radical of X. If n(X) = X, the group X is called 
minimally almost periodic (MinAP). X is called maximally almost periodic if n(X) = 0. Let 
if be a subgroup of X. The annihilator of H we denote by H L . H is called dually closed in 
X if for every x G X \ H there exists a character x £ H such that {x,%) ^ 1- H is named 
dually embedded in X if every character of H can be extended to a character of X. 

A group G with the discrete topology is denoted by Gx>- A group G is called a group of 
infinite exponent or unbounded if exp G = oo (where exp G=the least common multiple of the 
orders of the elements of G), otherwise, i.e. exp G < oo, it is called a bounded group. Note that 
a bounded group G has the form G = peA/ 0"^ Zfr*)^*), where M is a finite set of prime 
numbers. Leading Ulm-Kaplansky invariants of G are the cardinal numbers k np P ,p G M. The 
order of an element g G G we denote by o(g). The subgroup of G generated by an element g is 
denoted by (g). 

Let X be a topological group and u = {u n } a sequence of elements of X A . Following 
D. Dikranjan et al. |7], we denote by s u (X) the set of all x G X such that (u n ,x) —> 1. Let G 
be a subgroup of X. If G = s u (X) we say that u characterizes G and that G is characterized 
(by u) 0. 

Following E.G.Zelenyuk and I.V.Protasov [T7], [T5], we say that a sequence u = {«„} in a 
group G is a T-sequence if there is a Hausdorff group topology on G for which u n converges 
to zero. The group G equipped with the finest group topology with this property is denoted 
by (G, u). We note also that, by Theorem 2.3.11 (18], the group (G, u) is complete. Following 
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[3], we say that a sequence u = {u n } is a TB-sequence in a group G if there is a precompact 
Hausdorff group topology on G in which u n — >■ 0. As it was noted in [10], a sequence u is a 
TB-sequence if and only if it is a T-sequence and (G, u) is maximally almost periodic. 

Let G be an infinite Abelian group. Denote by MlZ{G) [respectively NlZC{G)] the set of 
all subgroups H of G for which there exists a [respectively Complete] non-discrete Hausdorff 
group topology r on G such that von Neumann Radical of (G, r) is H, i.e. n(G, r) = H. It is 
clear that WRC(G) C J\fK(G). 

One of the most important properties of an Abelian topological group G is the richness of its 
dual group G A which is characterized by the von Neumann radical. Thus, the general question 
of describing the sets J\flZ(G) and AflZC(G), which is raised in [10], is important. Since every 
infinite Abelian group admits a TB-sequence [Bj, then every infinite Abelian group admits a 
complete non-trivial Hausdorff group topology with trivial von Neumann radical. Thus, the 
trivial group {0} belongs to NlZC{G) for every infinite Abelian group G, i.e. NlZC{G) is always 
not empty. A much deeper question is whether any infinite Abelian group admits a Hausdorff 
group topology with non-zero von Neumann radical. The positive answer was given by M.Ajtai, 
I.Havas and J.Komlos [I]. Using the method of T-sequences, E.G.Zelenyuk and I.V.Protasov 
[T7] proved that every infinite Abelian group admits a complete Hausdorff group topology for 
which characters do not separate points, i.e. NlZC{G) ^ {{0}} for every infinite G. 

It maybe the most interesting question is to describe all infinite Abelian groups G such that 
G G Af1Z(G) (or G G MlZC{G)). A simple example of a bounded group G which does not 
admit any Hausdorff group topology r such that (G, r) is minimally almost periodic is given 
by D. Remus [5]. This justifies the following problems: 

Question 1. (Comfort's Problem 521 j5]) Does every Abelian group which is not of 
bounded order admit a minimally almost periodic topological group topology? What about 
the countable case? 

Denote by F the maximal torsion subgroup of an Abelian group G. Then the factor group 
G/F is torsion free. Thus the following two special cases of Question 1 are natural. 

Question 2. (Question 2.6.1 [18]) Let G be a torsion free group. Does there exist a 
Hausdorff group topology on G with only zero character? 

Question 3. Let G be a torsion group. Under which conditions the group G admits a 
Hausdorff minimally almost periodic group topology? 

Note that even the following more particular question is also non-trivial: which Abelian 
groups G admit a Hausdorff group topology r such that n(G, r) is non-trivial and finite? This 
question was raised by G. Lukacs [TJ] and he called such groups almost maximally almost- 
periodic (AMAP). He proved that infinite direct sums and the Priifer group Z(p°°), for every 
prime p ^ 2, are AMAP. These results were generalized in [15]. Obviously, an AMAP group 
contains a non-trivial finite subgroups, so it cannot be torsion free. Therefore, an Abelian 
group admitting an AMAP group topology is not torsion free. It turns out that the converse 
assertion is also true: 

Theorem A. [10] An Abelian group admits an AMAP group topology iff it is not torsion 
free. 
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A complete characterization of those finitely generated subgroups of an infinite Abelian 
group G which are the von Neumann radical for some Hausdorff group topology on G is given 
in [IT]. 

The main goal of the paper is to describe all countable (finite or not) torsion subgroups of 
an infinite Abelian group G which are contained in NlZ(G). In particular, we give a complete 
answer to Question 3 when G is a countably infinite Abelian group. We prove the following 
theorems. 

Theorem 1. For any countable (finite or not) torsion subgroup H of an infinite unbounded 
Abelian group G there exists a complete Hausdorff group topology such that H = n(G), i.e. if 
exp(G) = oo ; then H G UTZC{G). 

As a consequence we obtain the following. 

Corollary 1. Any countably infinite unbounded torsion Abelian group admits a complete 
Hausdorff MinAP group topology. 

Theorem 2. Let G be an infinite Abelian bounded group and H its countable (finite or 
not) subgroup. Then the following assertions are equivalent. 

1. Let N = exp(if). Then the group G contains a subgroup of the form Z(iV)^. 

2. HeMTZC{G); 

3. HeMTZ{G). 

The following corollaries are evident. 

Corollary 2. Let G be a countably infinite bounded Abelian group G. Then G admits a 
Hausdorff minimally almost periodic group topology if and only if all its leading Ulm-Kaplansky 
invariants are infinite. In such a case, a MinAP group topology can be chosen to be complete. 

Corollary 3. All countable (finite or not) subgroups of an infinite bounded Abelian group 
G belong to NlZ(G) if and only if all leading Ulm-Kaplansky invariants of G are infinite. In 
such a case, all countable (finite or not) subgroups of G belong to NlZC(G). 

Note that Theorems [1] and [2] for a finite H are proved in [11] . We will prove Theorems [T] 
and [2] using the following assertions. 

Proposition 1. Let G = Z © H , where H be a countable Abelian group. Then G admits 
two complete Hausdorff group topologies T\ and r 2 such that n(G, Ti) = H and n(G, r 2 ) = G. 

As a trivial consequence of this proposition and the Reduction Principle (see below) we 
obtain the next assertion. 

Corollary 4. Let H be a countable subgroup of an infinite Abelian group G. If there is an 
element eo of infinite order in G such that (e ) PI H — {0}, then H G NlZC{G). 

Proposition 2. Let G = Z(p°°) © H , where H be a countable Abelian group. Then for 
any subgroup Hi of G containing H there is a complete Hausdorff group topology r such that 
n(G.r) //,. 

Since, by Baer's Theorem (Theorem 18.1 [8]), groups of the form Z(p°°) are direct summands 
of any Abelian group, we obtain the following. 

Corollary 5. Let H be a countable subgroup of an infinite Abelian group G. If G contains 
a nonzero element of infinite height, then H G NlZC(G). 

The next assertion is a generalization of Example 2.6.2 |18j . 

Proposition 3. Let G = ©^l ( e j)- Assume that Uj := o(ef) < oo for every j ^ 0. Let 
e',j G (ej) be arbitrary for every ^ j < oo. Set H = ®°l (e^-). // either a) Uj = Uj 0+ i = . . . , 
for some j ^ and Uj is divided on every u , . . . , % _i, or b) sup{uj,j ^ 0} = oo ; then G 
admits a complete Hausdorff group topology t such that n(G, r) = H . 



It turns out that the conclusion of Corollary [2] remains true also for non countable groups. 
Theorem 3. An infinite bounded Abelian group admits a MinAP group topology if and 
only if all its leading Ulm-Kaplansky invariants are infinite. 
We prove Theorem [3] using the next proposition. 

Proposition 4. Let G = ® aeI G a , where I be arbitrary set of indexes and each group G a 
admit a MinAP group topology. Then G also admits a MinAP group topology. 

2 The proofs 

The plan of the proofs is as follows. 

1. The reduction to countable groups. The following lemma plays an important role. 

Lemma 1. [9] Let K be a dually closed and dually embedded subgroup of a topological 
group G. Then n(K) = n(G). 

Reduction Principle. Let if be a subgroup of an infinite Abelian group G and let Y be 
arbitrary subgroup of G containing H. If Y admits a Hausdorff group topology r such that 
n(Y, r) = H, then we can consider the topology on G in which Y is open. Since any open 
subgroup is dually closed and dually embedded (Lemma 3.3 [IS]), by Lemma [TJ we obtain that 
n(G) = H too. Thus we can reduce our consideration to Y only. 

Since H is countable, by this reduction principle we can split the proof of Theorem [1] in the 
following cases: 

(1) H is unbounded and contains nonzero elements of infinite height. Then H has the form 
H = Z(p°°) © Hi for some prime p and a countable (finite or not) subgroup Hi. Set 
G = H. Then Theorem [1] follows from Proposition [2] immediately. 

(2) H is unbounded and does not contain nonzero elements of infinite height. By the Priifer 
Theorem (Theorem 11.3 [8j), H = ©°l (ej), where Uj := o(ej) < oo for every j ^ and 
sup{uj,j ^ 0} = oo. Then Theorem Q] immediately follows from Proposition [3j 

(3) H is bounded and G contains an element of infinite order cq. Since (eo) H H — {0}, we 
can put G = Z © H. So Theorem [T] follows from Proposition [TJ 

(4) H is bounded and G contains a nonzero element of infinite height. Thus G contains 
a subgroup of the form Z(p°°) for some prime p. Hence Z(p°°) D H is either zero or 
H = Z(p k ) © Hi, where Z(p k ) C Z(p°°) and Z(p°°) n H x = {0}. In the first case we put 
G = Z(p°°) © H and in the second one we set G = Z(p°°) © Hi. Then Theorem [2] follows 
directly from Proposition [2J 

(5) H is bounded, G is unbounded and contains no nonzero elements of infinite height and 
infinite order. By the Priifer Theorem (Theorem 11.2 (8]), there is a finite set M of prime 
numbers such that 

^ = 00 Z(p a ^f k ^\ where 1 ^ a hp <■■■< a np>p , 1 ^ h, p < oo, p e M. 

p£M 1=1 

For every ^ j < k itP let e'j i p be a generator of Z(p ai - p ). Then 

peM i=l (Kj<fci iP 
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Let us denote by bj^ p the height of e'j i p in the p-component G p of G. Then we have the 
following two cases. 

a) supj&j^p} = oo. Denote by ej^ p an element of G p such that V bj ' i ' Pe j,i,p — e 'j,i, P - Then 
all ej t i tP are independent. Set 

rip 

p^M i=l 0^j<k itP 

Then Theorem [TJ follows from Proposition Et^b) . 

b) supjfoj^^} < oo. Since G is unbounded, there is a sequence {ej} of elements in G 
such that o(ej) — )■ oo and all e^ ip and e.,- are independent. Then G contains the following 
direct sum of the groups 

CO ^Ip oo 

j=0 pGM i=l Osij<ki,p j=0 

So also in this case Theorem [TJ follows from Proposition &b). 
Thus to prove Theorem [TJ we need only to prove Propositions [TJI2J 

2. Construction of a topology. We construct a special T-sequence d on G and equip G 
under the Protasov-Zelenyuk group topology generated by the choosing T-sequence d. 

3. Computation of the von Neumann kernel. Using the following theorem 

Theorem B. [§] If d = {d n } is a T-sequence of an Abelian group G, then n(G, d) = 
Sd({Gv) A ) ± (algebraically). 

we prove that ((Gx>) A ) ± — H. □ 

In the sequel we need some notations. For a sequence {d n } and l,m e N, one puts [T7] : 

m) = {n!<i ri + • ■ ■ + n s d rs | where 

m^r 1 <--<r s ,fi i GZ\ {0}, \m\ < A; + 1 > U {0}. 

i=i J 

Denote by S n = 1 + • • • + n = ra( - n 2 +1 ^ and for every n ^ 1 we put t{n) := max{t : n ^ St}. 
For a prime p and n G N we set 

/„ = p™ 3 - 2 + . . . + p n3 - 2n + p ni - n + p n " e z, 

then f n < 2p™ 3 ^ p ni+l . For any < r\ < r 2 < ■ ■ • < r v and integers h, h, ■ ■ ■ , lv such that 
J21=i \h\ we have 

\hfn + hfr 2 + ■■■ + UrJ <(k + l)f rv ^{k + l)p r » +1 . (1) 

The following lemma is a generalization of Lemma 2.2 in [TTj . 

Lemma 2. Let G = Z*(B H , where H be a countable Abelian group, and cq be the generator 
of Z. Le£ H\ {0} = {e^}^]" 1 ^ e an V enumeration of the non-zero elements of H . Choose a 



prime p and arbitrary sequence e n such that e n G { — 1, 0, 1} for all n ^ 3. Define the following 
sequence (n ^ 3) 

if \H\ = oo : d 2n = p n e , d 2n -i = /„e + £ne n ( mod ^ \, 
if \H\ < oo : d 2n = p"e , c? 2n -i = / n e + e n e n ( mod \ H \). 

Then the sequence d = {d n } is a T-sequence. 

Proof. Let ^ g = be^ + ee q G G, where b G Z and e is either or 1. Let k ^ 0. Set 
m = 20(|6| + l){k + 1). By Theorem 2.1.4 |18j . it is enough to prove that g G" A(k,m). 

Denote by r\ n = S t (n) if \H\ = oo and r\ n = \H\ if \H\ < oo for every n ^ 3. 

a) Let cr G v4(A:, m) have the following form 

a = l x d 2ri + hd 2 r 2 H h W 2r - a = (^iP ri H h hp Va )e = p Vl ■ cr' ■ e , 

where m ^ 2ri < 2r 2 < ■ ■ ■ < 2r s and a' G Z. If cr' = 0, then a ^ g. If cr' ^ 0, then 
p n >p i0[6| > 1 6|, and cr ^ ^. 

b) Let cr G m) have the following form 

cr = l\d 2ri _i + l 2 d 2r2 _i + ■ ■ • + l s d 2rs ~i, 

where m < 2r x — 1 < 2r 2 — 1 < ■ • ■ < 2r s — 1 and nonzero integers l±, l 2 , . . . , l s be such that 
EUlhl^k + l. Then 

0~ = {hfri H 1" l S -lfr a -i + hfr 3 )e + ^6^/4 n H h ^&r s e rs ( mod??r J. 

Since n 3 < (n + l) 3 — + l) 2 and r s > \b\ + {k + 1), by ([I]), we can estimate the coefficient (fi 
of eo in cr as follows 

|0 O | >|/l/n + ■ ■ ■ + Wr._! + Ur s \ ~ (k + 1) > f r . ~ k ■ P^ + 1 ~ (k + 1) 

=p r " + ^ r » _rs H h p r s-" r s - k ■ p r ?-i +1 - k - 1 J > p r = > 

Hence <po ^ b and a ^ g. 

c) Let cr g m) have the following form 

CT = l\d 2 r x -\ + t2«2r 2 -l + ' ' ' + ^2r s -l + ^s+l«2r s +l + ' ' ' + lh^2r h i 

where < s < /i and 

m <2ri - 1 < 2r 2 - 1 < • • • < 2r s - 1, 

h 

m ^2r s+1 < 2r s+2 < ■ ■ • < 2r h , k G Z \ {0}, ^ |/,| < fc + 1. 

i=l 

Since the number of summands in c/ 2rs _i is at least r s + 1 > 10(/c + 1) and /i — s < k + 1, there 
exists r s — 2 > io > 2 such that for every 1 ^ w ^ h — s we have 

either r s+w < r 3 - (i + 2)r s or r s+w > r 3 - (i - l)r a . 



The set of all w such that r s+w < — (i + 2)r s we denote by B (it may be empty or has the 
form {1, . . . , 5} for some 1 ^ 5 ^ h — s). Set D — {1, . . . , h — s} \ B. Thus 



a =h£ ri e ri r modv \ H h l s s rs e ra ( modrirs ) + (hf ri H h Z s -i/r s _i) e o 

+ ^ l s+w d 2rs+w + (l sP r °- r ° + ■■■ + l s p r ^ io + 2 ^ 



w£B 



+ (l sP r "-^+l)rs + l sp r 3 s -ior 3 ^ ^ + ^-(io-l)^ + . . . + ^ eQ + ^ l g+wd , 



2r i 



We can estimate the coefficient of eo in row 2, which we denote by A 2 , as follows 

|A 2 | < \ls +w \p r3s ~ {l0+2)rs + \l s \2p r °- {i0+2)r ° < 3(k + l) p ^-( < o+ 2 >- < /f-^+iK ( 2 ) 
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since 3(/c + 1) < r s < ]/ s — 1. For the coefficient of eo of the second summand in row 3, which 
we denote by A 3 , we have 



A 3 = Lpii-to- 1 *' + ■■■ + l sP r ° + ls+ w p rs+w = p^'-to- 1 *' ■ a", (3) 



where a" G Z. Set (fi is the coefficient of eo in a. Let a" ^ 0. By (EE])-®, we can estimate 4>o 
from below as follows: 



|0 O | >-(k + l) + \hf ri + ■■■ + h-Jr^ +A 2 + l s p r '-^+^ + l sP r "-^ + A 
>p rl-(io-l)r. _ f, . pfS-x+l _ 2 (k + l)p r °- ior » - (k + 1) 
>p r3-(io-l)r. _ 3^ + !)^-i r s > p rf-* r s > > p |6| > | & |_ 

Hence <po ^ b and a ^ g. Let cr" = 0. By (pQ) and ([2]), we have 
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r^-i r B 



|0o| ^ - (A: + 1) + + ■ ■ • + k-i/r..! + ^2 + Z s /'- (io+1)rs + 
>p r 3 s-ior s _ k . p rf_ 1+ l + 2 yl- iio+ i )rs _ (jfe + 1) 

- 3(Jfe + l)p r 2-( < o+ 1 ) r - > p^-^o+i)^ > fi >p \ b \> \b\. 

Hence <po 7^ b and o ^ g too. Thus d is a T-sequence. □ 

Proof of Proposition [TJ, 1 1 Let d = {d n } be a T-sequence defined in Lemma[2j By Theorem 
B, it is enough to prove that Sd ((Gx>) A ) = {0}. 

Let 

co = x + y G (G©) A , where x G T, y G (Hv) A an d (c£ n , w) — >■ 1. 

Then (d 2n , a;) = (p n eo,a;) — > 1. Hence x G Z(p°°) (see [2] or Remark 3.8 [1]). Let x = A?,p G 
Z, r > 0. 

Denote by z/„ = 5j( n ) if = 00 and v n — n\H\ if \H\ < 00 for every n ^ 3. The sequence 
r/ n is defined in Lemma |5J 

1) Assume that e n = 1 /or even/ n ^ 3. Then 

"2n-l = fn^O + e„( mo d^„) 



^Jf H is finite, the proposition is proved in 
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and for any n > S T we have (G? 2 „ n _i, o>) = (eo,x) — > 1 and hence x — 0. Now let y 7^ 0. Then 
we can choose j > such that (e-,-, 7^ 1. Hence for any n > S m &x{r,j} we obtain 

{d 2 (u n +j)-i,uj) = (ej,y) 7^ 1. 

It is a contradiction. So also y = 0. Thus Sd ((G©) A ) = {0}. By Theorem B, n(G) = G. 

2) Assume that e n — 1 /or every n/i/ t ,l;GN, and e n = if n = for some k. Now if 
n = Vk for some fc > SV, we obtain (rf 2n _i,a;) = (c? 2i/fe _i, = (/„ t eo,i) = 1. Let n 7^ z/^, fcGN. 
Then for n > S T we have 

(^2n-l,^) = (fn e + e n(modr) n )i w ) = ( e n(mod»y n ), 1/) • 

Now let y ^ 0. Then we can choose j > such that (ej,y) 7^ 1. Hence for any n > S' inax { T j} 
we obtain (d 2 (i/ n +j)-i, = ( e j,y) 7^ 1- It is a contradiction. So y = 0. Thus s^ ((Gx>) A ) = 
Zip 00 ) C T. By Theorem B, n(G) = #. □ 
Putting 

/« = -Jh? + ■ ■ ■ + zj=^ + rir + i e z ( P c 



we obtain 



/ 1 / 1 V 1 AIL II pi I 



7 1 111 n+1 

°</« = ^CT + --- + ^^ + ^ + p<^CT ( 4 ) 

By dl]), we have 

o< 72 + 7 4 + ---<^ + 4^ + ---< 1 ' 

~ ~ 2n + 3 2n + 5 1 ~ 

/2n+2 + j2n+4 H < ^( 2n +2)3-(2n+2) 2 + p(2n+4)3 -(2n+4) 2 ^ < p (2n)3-(2n) 2 < ' 2n ' 

So for any distinct sequences < j[ < f 2 < . . . and < j" < j' 2 ' < ■ ■ ■ the numbers f 2 f 1 + fij' + 

. . . and / 2 j» + f 2 f' + ■ ■ ■ also are distinct. Thus we can choose a sequence < ji < j 2 < . . . 
such that the number 

P := /2J1 + hh + hh + • • • 

is irrational. Now we set 

>,■ ■ hr ■ hj, h,- (5) 

Thus, if we consider the group Z(p°°) as a subgroup of T, then the sequence {(3 n } C Z{p°°) 
converges to (3 in T, ((3) is dense in T and ((3) n Z(p°°) = {0}. 

Lemma 3. Let G = Zip 00 ) © H , where H be a countable infinite Abelian group. Let 
{ e i}i=o~ 2 be any enumeration of the set H \ {0}. Define the following sequence (n ^ 3) 

if \H\ = oo: d 3n = -^e Z(p°°), d 3n+l = f 2jn+1 + e n ( modS((n) ), d 3n+2 = p n} 

if \H\ < 00 : d 3n = — G Z(p°°), d 3n+ i = f 2 j n +i + e n ( mo d|H|-i), d 3n+2 = (3 n . 

where f n G Z(p°°) and n G Z(p°°) is defined in |3]]. Then d = {d n } is a T -sequence. 



Proof. Let g = ± + ee . ^ o, where e E {0, 1} and either ^ b E Z and ^ G Z(p°°) 
be an irreducible fraction or b = 0. Let A; ^ 0. By Theorem 2.1.4 [18], it is enough to prove 
that g E 1 A(k,m) for some m. For cr E G we denote by 0o the element of Z(p°°) such that 
a - (p E H. 

Set m = 30p(/c + l)(z + 1). We will prove that m is desired. 

a) Let 7^ o E A(k,m) have the following form 

where m ^ 3ri < 3r2 < ■ ■ ■ < 3r s . If 6 = 0, then u ^ g. If 6 7^ 0, then 

, , , , \h\ k + 1 k + 1 1 161 

< \fa\ = \hd, ri + i 2 d 3r2 + ... + i s d 3rs \ ^ — < ^ < J, < j z - 

So 0o 7^ p and ff^g. 

b) Let cr G A(k, m) have the following form 

a = /iC?3 ri+ i + • • • + l^d^ Ttl+ i + / M +l<i3r. Al+1 +2 + • • • + lsd3r s +2, 

where ^ [i ^ s and 

m< 3ri + 1 < 3r 2 + 1 < • ■ • < 3r /t + 1, if fi ^ 0, 

m < 3r M+ i + 2 < 3r M+2 + 2 < ■ • • < 3r s + 2, if /i < s, /; G Z \ {0}, \h\ ^ k + 1. 

i=i 

Set z/ = 2jV M + 1 and l v = Z M if r M ^ r s and z/ = 2j rs and Zj, = Z s otherwise. Since 
n 3 < (n + l) 3 — (n + l) 2 and min{r M , r s } > 5p(k + 1), we have 

^0 = + j where z ' G Z - 

Since |Z^|^A; + l<-< p"" 1 , then O 7^ and we have the following: if fa — z" Z, is an 
irreducible fraction, then a > z/ 3 — z/ + 1 > 5z. Hence fa 7^ A and a ^ g. 

c) Let cr G m) have the following form 

a = hds n+ i + ■ ■ • + Ipdsr^ + i + Z M+ id3 r(J+1 +2 + • ■ ■ + l s dsr s+ 2 + ^+1^3r s+ i + " " " + ^h^3r h , 

where < s < /i and 

m < 3n + 1 < 3r 2 + 1 < • • • < 3r M + 1, if /i ^ 0, 

m < 3r M+1 + 2 < 3r M+2 + 2 < • • • < 3r s + 2, if \i < s, 

h 

m < 3r s+1 < 3r s+2 < • • ■ < 3r h , Z f G Z \ {0}, ^l^fc + l. 

i=i 

Also we set v = 2j r> + 1 and l v = if r M ^ r s and v = 2j ra and l u = l s otherwise. Since 

n 3 < (n + l) 3 -(n + l) 2 , the element fa of hd 3ri +i-\ h ^d 37>+1 + i M +id 3 r M+ i+2 H h/ s 4r s +2, 

which is contained in Z(p°°), can be represented in the form 

0i = ,,3 , y2 1 + ^/i/j where z" E Z. 

O 



Since the number of summands in f v is v + 1 > |m > 10p(k + 1) and h — s < k + 1, there exists 
^ — 2 > io > 2 such that for every 1 ^ w O - s we have 

either r s+w < z/ 3 — (z + 2)z/ or r s+m > i/ 3 — (z — l)v. 

The set of all w such that r s+w < u 3 — (iq + 2)v we denote by (it may be empty or has the 
form {1, . . . , a} for some 1 ^ a ^ h — s). Set L — {1, . . . , h — s} \ K. Thus 



^ w&K ^ ^ 



pi/ 3 -(i0+l)i/ pV 3 -i u 



So the element 02 i n row 1, can be represented in the form v j,_f iQ+2)v , for some c G Z. Since 

z/ > I0p(&+1), then 1 _ ] L ^„ < || and 2k < p 2k < p u . Thus we can estimate the second summand 
in row 2, which is denoted by 03, as follows 



%\ 1 
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~pi /3 -(io-l)^ \ 31 pj pV 3 -(i Q -i)v pV z -i Q v' 

So 



p u3 ~( i 0+ 2 ) u p^ 3 -(«o + l)^ pV 3 -i(>v 

and if O — 4?) c " £ Z, is an irreducible fraction, then a ^ is 3 — (i + l)u > 5z. Hence 0o 7^ ^ 
and a ^ g. Thus {d n } is a T-sequence. □ 

The following lemma is a generalization of Lemma 2.3 in [11] with a similar proof. 

Lemma 4. Let G = Z(p°°) ®H, where H be a countable Abelian group. Let e$ be an (zero 
or nonzero) element o/Z(p°°) and {e^}^ 1 be any enumeration of the set H \ {0}. Define the 
following sequence (n ^ 3) 

if \H\ = oo: d 2n = ^ G Z(p°°), dun-i = fn + e n(modSt(n) ), w/jere /„ G Z(p°°), 

i/ < oo : d 2n = e Z(p°°), efcn-i = + e n ( mo d|jf|), w/iere ^ G Z(p°°). 

T/ien d = {<i n } zs a T-sequence. 

Proof. Let # = ^ + eej ^ 0, where e G {0, 1} and either ^ b G Z and £ G Z(p°°) 
be an irreducible fraction or 6 = 0. Let k ^ 0. By Theorem 2.1.4 [18], it is enough to prove 
that g G" A(fc,m) for some m. For a G G we denote by 0o the element of Z(p°°) such that 
a - O G H. 

If eo 7^ 0, we assume that it has order p 5 . If eo = 0, we set 5 = 0. 
Set m = 30p(k + l)(z + 1) + 5. We will prove that m is desired, 
a) Let 7^ a G m) have the following form 



a = hd 2ri + hd2r 2 + ' ' ' + W: 



2r. s 



i n 



where m ^ 2r x < 2r 2 < • • • < 2r s . If b = 0, then cr/j. If 6 ^ 0, then 
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< \M = \hd 2ri + l 2 d 2r , + ••• + l s d 2rs \ s= £U ^ — < pk+T+^ V ^ P^' 

So 0o ^ p and a ^ g. 

b) Let a G A(k,m) have the following form 

a = l\d 2ri -\ + l 2 d 2r2 -i + • • • + l s d 2rs -i, 

where m < 2r\ — 1 < 2r 2 — 1 < ■ ■ ■ < 2r s — 1 and integers l\, l 2 , . . . , l s be such that l s ^ and 
Si=i \k\ ^ k + 1. Since n 3 < (n + l) 3 — (n + l) 2 and r s > 5p(/c + 1), we have 

z' l s 

0o = -ttt + -4", where z' G Z. 

pi s Is pi s 

Since \l s \ ^ k + 1 < < p rs_1 , then O 7^ and we have the following: if O = z" G Z, is 
an irreducible fraction, then a > r 3 — r s + 1 > 5z. Hence O 7^ ^ an d & 9- 

c) Let (J G m) have the following form 

a = hd 2ri -i + l 2 d 2r , 2 _i + ■ ■ ■ + l s d 2rs -i + l s +id 2rs+1 + ■ ■ ■ + lhd 2rh , 
where < s < h and 

m < 2ri - 1 < 2r 2 - 1 < • • • < 2r s - 1, 

h 

m <: 2r s+l < 2r s+2 <■■■< 2r h , i,eZ\ {0}, ^ |^| ^ k + 1. 



Since n 3 < (n + l) 3 — (n + l) 2 , the element 0i of l\d 2ri ^i + l 2 d 2r , 2 ^\ + • • • + l s d 2rs -i, which is 
contained in Z(p°°), can be represented in the form 



z' 



prf—rl 



— + hfr s , where z' G Z. 



Since the number of summands in f Ta is r s + 1 > 10p(k + 1) and h — s < k + 1, there exists 
r s — 2 > i > 2 such that for every l^w^h — swe have 

either r s+w < r 3 - (i + 2)r s or r s+w > r 3 - (i - l)r s . 

The set of all w such that r s+w < r 3 — (i + 2)r s we denote by K (it may be empty or has the 
form {1, . . . , a} for some 1 ^ a ^ h — s). Set L — {1, . . . , h — s} \ K. Thus 

r0 = r 3_ r 2_ 1 + 2^ '•s-\-wd 2 r s+w H r 3_ r 2 + 1" 



„rf-rj-l 1 ^"<H-™"^ S+W . 3 _ r 2 ' ' r |_ (io+2 ) r . 



pij-(i +l)r s pr'j-i r a J I p^-(io-l)r a 



I I 



So the element (bo in row 1, can be represented in the form 3 , c , , for some c G Z. Since 

r s > 10p(k + 1), then fzhpn, < ff an< ^ 2& < p 2fc < p Vs . Thus we can estimate the second 
summand in row 2, which is denoted by 03, as follows 
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jg 4. . . . _l Il\ i V / 1 

1 / 32 1\ 2A; 

^prf-(i -l)r s I 31 p) < p r ?~( io_1 ) rs < J9 



< 



|U i k 



pr3-(i -l)r a ]_ 1_ prf-(to-l)r g +l 



So 



+ 3 rz n + 3 /s - + 03 7^ o 

— r*° — I 7m 4- It* — t*° — i nT* _ 7 " ' 



r,rf-(i +2)r s pr3-(i + l)r s prf-i r s 



and if 0o = pW, c " € is an irreducible fraction, then a ^ 77 — (i + l)r s > 5z. Hence O 7^ ^ 
and c ^ g. Thus {fi n } is a T-sequence. □ 

Let us consider the group Z(p°°) with discrete topology. Then Z(p°°) A = A p is the compact 
group of p-adic integers which elements are denoted by x = (a*), ^ aj < p, and the identity is 
1 = (1,0,0, ...)• By Remark 10.6 [12J, (1) is dense in A p and, by 25.2 [12], (A, 1) = exp{2vri-A} 
for every A G Z(p°°). We will use the following result, its proof see in Example 2.6.3 [18]. Let 
dm — ph £ Z(p°°) and d = {cfen.}- Then x G s^(A p ) if and only if there exists m = m(x) G Z 
such that 

(A,x) = exp(2vrimA),VA G Z(j9°°). (6) 

In other words, x G sg(A p ) iff x = ml for some m G Z. In particular, CI (s a (Z(p°°))) = A p . 
Proof of Proposition [2j The following two cases are fulfilled only. 

1) Hi = Z(p°°) © H. Let d = {d n } be a T-sequence defined in Lemma [31 By Theorem B, 
it is enough to prove that s d ((Gx>) A ) = {0}. 

Let 

lo = x + y G (G©) A , where x G Z(p°°) A = A p , y G (#©) A and (d n , w) --> 1. 

Then (d 2 n, w ) — (^r-.-^) — >■ 1- By (EJ), x = ml for some m G Z and (A,x) = exp(27rimA), VA G 

Z(p°°). In particular, (f n ,x) = exp(2irimf n ),Vn ^ 3. By we obtain that (f n ,%) — > 1- Let 
^ z < |iTj — lbe arbitrary. Then for any n > i we have 

if \H\=oo: (d 3{Sn+i)+1 ,u) = (f 2 j Sn+i +i, x) ■ {e u y) -+ {e u y) = 1, 

if \H\ < oo : (rf 3 (n(|//|-i)+i)+i,w) = (7 2 j n(|H| _ 1)+l +i,a;) • (e i: y) -> (e i; y) = 1. 

Since is arbitrary nonzero element of if, we have y = 0. 

Let us prove that also x = 0. By hypothesis, {d 3n+ 2,x) = (/3 n ,x) = exp(27um/3 n ) — >• 
exp(27rzm/3) = 1. Since (3 is irrational, the equality exp(2irimf3) = 1 is possible only if m = 0. 
Therefore x = 0. 

So u = and s d ((G v ) A ) = {0}. 

2) ifi = (eo) © H, where eo is an (zero or nonzero) element o/Z(p°°). 

Let d = {d n } be a T-sequence defined in Lemma HI By Theorem B, it is enough to prove 
that s d ((G©) A ) ± = H x . 
Let 

u = x + y G {G V ) A , where x G Z(p°°) A = A p , y G (F©) A and (d n ,w) ->■ 1. 
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Then (d 2n ,oj) = (prjic) — > 1- By (JH]), x = ml for some m G Z and (A, sc) = exp(27rzmA), VA G 

Z(p°°). In particular, (f n ,x) = exp(27um/ n ), Vn ^ 1. By (jl]), we obtain that (f n ,x) — > 1. 
Let < z < | if | be arbitrary. Then for any n > i we have 

if | If | = oo : (d 2 (5„+i)-i, w) = (/<?„+*, x) • (e*, y) ->■ (e i} y) = 1, 
if |if| < oo : (d2(„|£r|+i)-i,w) = Cf n |# x) • (ej,y) ->■ (e i; ?/) = 1. 

Since e, is arbitrary nonzero element of if, y = 0. Thus oj G if -1 . 
Let i — 0. If eo 7^ 0, then for any n > i we have 

if | if | = oo : (d 2 s„-i, w) = + e , ar) ->■ (e , rr) = 1, 
if \H\ <oo: (d 2n \ H \-i, w) = (/ n |fr| + e , x) -»> (e , a;) = 1. 

So u; G (eo) -1 . Therefore oj G iff 1 . 

If eo = and ifi = if, we obtained that Sd ((Gx>) A ) = Zl and it is dense in A p = if -1 . Thus 
s d ((G v ) A ) ± = H 1 . 

Let eo = -% 7^ 0, where c G N. We need to prove only the converse inclusion, i.e. that 
Hi C C\(s A ((G v ) h )). Note that = (eo) 1 - n (Z(p°°) A © 0). Set x = p s l and y = 0. Let 
oj = Xq + y - Then, by Remark 10.6 [12], (w) is dense in ifj 1 . Hence it is enough to show that 
oj G s d ((Gj)) A ). But this is indeed so since, by (jfJJ), (d n ,oj) = (d n ,x ) = exp{27rz • p s X n }, where 
A 2n = d 2n = ~K and 

if \H\ = oo : A 25n _! = / Sn + e = 7s n + 4> and A 2(Sn+i) _i = / 5n+i if < i < n, 

if | if | < oo : A 2 „|h[-i = f n \H\ + eo = f n \H\ + ^j, and A 2 ( n |jf| +i )_i = f n \H\+i if < i < |if | — 1. 

Thus, by (gj, (d n ,u;) ->■ 1. □ 

The following lemma is a generalization of Lemma 2.4 [11], in which the author modifies 
the construction of Example 5 [T7] (or Example 2.6.2 [IS]) and the proof of Proposition 3.3 [2] 
(it is enough to put: e\ = for ^ i < q and e\ = for i ^ q). 

Lemma 5. Let G = ®°l ( e j)> where Uj := o(ej) < oo /or every j ^ 0. Lei e^ G (e,) 6e 
arbitrary for each ^ z < oo. Assume that one of the following conditions is fulfilled: 

a) Uj = Uj Q+ i = . . . for some jo ^ and Uj is divided on every w , . . . , % -i. 5e£ 6^ := e k - 

&j sup{uj, j ^ 0} = oo. Let e ik be such that u ik — > oo. Put b k := e ik . 

Set n n = S t ( n ). Then the following sequence d = {d n }{n ^ 0) 

d 2n ■ eo, 2e , ...,(u - l)e , ei, 2e x , ...,{u x - l)e 1; . . . 
c?i = e' , d 3 = e + 6i, d 5 = e[ + (6 2 + h), 

d 2n +i = e n(modfj,n) + bs n -i+i + bs n -i+2 H 1- b Sn , 

is a T-sequence. 

Proof. Let k ^ and g = X\e Vl + X 2 e V2 + • ■ ■ + A 9 e„ q ^ 0, V\ < ■ ■ ■ < v q . We need to show 
that the condition of the Protasov-Zelenyuk criterion (Theorem 2.1.4 [18] ) is fulfilled, i.e. there 
exists a natural m such that g G" A(k,m). By the construction of d, there is m! > 3 such that 
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d>2n — A(n.)e r ( n ), where r(n) > max{v q ,3} for every n > m' . Assume that g G A(k,2mo) for 
some tuq > ml . Then 

where all summands are nonzero, our choosing of mo) and 

2m < 2ri + 1 < 2r 2 + 1 < • • • < 2r s + 1, 
2m ^ 2r s+ i < 2r s+2 < ■ ■ ■ < 2r fo . 

Moreover, by construction, all the elements d 2n +i — e ^( mo d^ n ) are independent. So, by the 
construction of the elements d 2 n and since n (mod < SVi-i for every n > 3, there is a subset 
f2 of the set {s + 1, . . . , h} such that 

ls(d 2 r s +l - 4 a(modM ) + lwd2r ™ = l s( b S rs -i+l + b S rs - 1+ 2 + ■■■+ b Sr J + Y l ™ d 2r w = 0. (7) 

a) Assume that Uj = Uj 0+ i = ... and Uj is divided on every u , . . . , « 3 - _i. Set m = 
4m' (jo +2)(A;+1). Then c^+i ~ e r s (mod/v ) contains exactly r s > m — 1 ^ 4k + 4 independent 
summands of the form ej with j ^ SV s -i + 1 > ^j^ 1 ) > mo > max{m', j }. Since l s d 2rs -i ^ 
and u jo is divided on every u , . . . , w JO -i, we can assume that / s is not divided On Uj'q. So lsd2r B —l 
contains at least 4k + 4 non-zero independent summands of the form l s bj = l s ej,j > jo- Since 
h — s ^ k and l w d2 Tw has the form A w e„,, the equality ([7]) is impossible. Thus g ^ A(k,2m ). 
So d is a T-sequence. 

b) Assume that sup{iij, j ^ 0} = oo. Choose j' > m' such that Mj 3 > 2(k + 1) for every 
j > j'. Set m = 4j'(fc + 1). Then d 2rs +i — e r s (mod M rJ contains exactly r s > m — 1 ^ 4fc + 4 
summands of the form e ij with j ^ SV s -i + 1 > m > j'. So, since \l s \ ^ fc + 1, hd^s-i contains 
at least 4{k + 1) non-zero independent summands of the form l s ei ,j > j'. Since h — s ^ k 
and l w d2r w has the form a w e w , the equality ([7]) is impossible. Thus g ^ A(/c,2mo). So d is a 
T-sequence. □ 

Lemma 6. Let G = ©°l ( e i) en dow with discrete topology and o(ej) < oo for every 
^ j < oo. Let e'j G (ej) be arbitrary for every ^ j < oo. Set H = ®°l ( e j) c ^ anc ^ 
K = ©^ =0 ( e j)" L ' w here (e'j) ± is the annihilator of (e'j) in (ej) A . Then Y is dense in H ± . 

Proof. It is clear that Y C H L . Let u = (ao,ai, . . . ) G iT 1 . Then for any j ^ and 
every ^ k < o(e') we have 1 = (u,ke'j) = (aj,ke'j). Hence aj G (e'j) ± for every j ^ 0. So 

h x c n j °i ( e j) ± c i\T=o( e j) A = GA - Since y is dense in n^ ( e i) x > ^ is dense m H± - D 

Proof of Proposition [3j Let d = {d n } be the T-sequence which is defined in Lemma [5j 
By Theorem B and Lemma El it is enough to show that Sd((G f r>) A )) = ©^lo^j)" 1 - 

We modify the proof of Proposition 3.3 [T4]. Let u = (a ,ai, . . . ) G s d ((Gx>) A ). By def- 
inition, there exists N e N such that |1 — (^2^,^)1 < 0.1, Vn > N. Thus, there is A^ > 
such that |1 — (lej,co)\ — |1 — (lej,aj)\ < 0.1, V/ = l,...,Uj — 1, for every j > Nq. This 
means that aj = for every j > iV . So u G ©°l ( e j) ^- (^f) A - Set //„ = St( n ). Since 
(<i 2 ( Atn +j)-i, w) — >■ 1 at n — > oo too and (d 2 (^ n +j)-ij w ) = ( e 'jy a j) f° r an sufficiently large n, we 
obtain that a, G (e')^ for any j ^ 0. Thus Sd((Gx)) A ) C ©^l ( e i) ±- ^ ne converse inclusion is 
trivial. Hence s d ((G v ) A ) = ©^ ( e i) X - D 

Proof of Theorem [2j Lei prove the implication (1) =>• (2). 

Since G is bounded, it is a finite sum of its p-subgroups G p . So we may assume that 
G = © p6M G p and = © pgM -f^ p , where M is a finite set of prime numbers. Let iV = 
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exp(if) = pi . . .p, 1 , where pi, . . . ,pi be distinct prime integers. Then G contains a subgroup 
of the form Z(iV)^ if and only if G Pi contains Z(p^)H for every 1 ^ i ^ I. Since the von 
Neumann radical of a finite product of topological groups is the product of their von Neumann 
radicals, we may assume that G is a p-group. Let us note that G contains a subgroup of the 
form Z(p n )^ iff G contains infinitely many independent elements of order greater or equal than 
p n (Lemma 8.1 [S]). 

By the Priifer Theorem (Theorem 11.2 |8j), we may assume that H has the form H = 
0" =1 Z(p ai ) {fcl) , where h > and 1 < a x < ■ ■ ■ < a n . 
Let ej t i, ^ j < ki, 1 ^ i ^ n, be such that 



Let Bi be the set of all indexes i such that ki < oo and B 2 be the set of all i for which ki = oo. 

Set Q = J2 l eB 1 k i- 

1) Let k n = oo. Then 



and it is a finite sum of groups of the form a) in Proposition |3j So H admits a complete MinAP 
group topology. 

2) Let k n < oo. Denote by 6^ the height of e^j in G. Set Ci is the set of all indexes j such 
that bjj ^ p an (it may be empty) and put C = U™ =1 Cj. Then the following cases can be fulfilled 
only. 

a) The cardinality \C\ of C is finite. By hypothesis, there is a sequence {e m }^ =(? such that 
o(e m ) = k n and all elements e m and e^j are independent. Set 



By Reduction Principle and Proposition |3]^a), there is a complete Hausdorff group topology r 
on G such that n(G, r) = H. 

b) |C| = oo. Then there is an z G -B 2 such that |Cj | = oo. Let us denote by ej an element 
of order p a " such that p an ~ a% aej = ej :io ,j G C io . Set -D io = N \ C io . Then all elements e m and 
ejj, where either i ^ i or i = i and j G Dj , are independent. 

If \Di \ = oo, we set 



For the first group we can put e\ = ej ti if i G B 1 , ^ j < ki, ^ I < q, and e\ = 6j iio if j G Cj 
and / ^ g. By Reduction Principle and Proposition El^a), we can find a complete Hausdorff 
group topology r on G such that n(G, r) = H. 
If |D io | < oo, we put 



n 



ff = (ej,i), and o(e^) = p a % 1 ^ i < n. 



i=l 0^j<ki 







Analogously, by Reduction Principle and Proposition Eta), there is a complete Hausdorff group 
topology r on G such that n(G, r) = H. 

The implication (2) =>■ (3) is trivial. 

Let us prove the implication (3) =>■ (1). Let 



exp H = p\ x . . . Pi and exp G = p™ 1 . . . p™ 1 ■ p^ 1 . . . p"' , 

where pi, . . . ,p t be distinct prime integers. 

Assuming the converse, we obtain that there is a 1 ^ j ^ I such that G contains only a finite 
subset of independent elements g for which o(g) = p°- with a ^ bj. Set m := expG/jy 7 J+1 
and 7r : G — > G, ir(g) = mg. Then ir(H) ^ and, by our hypotheses, ir(G) is finite. 

Let us prove that there is no Hausdorff group topology r such that n(G, r) = H. (We 
repeat the arguments of D. Remus (see [5]). 

Let r be any Hausdorff group topology on G. Then Ker(7r) is open and closed and, hence, 
dually closed and dually embedded [IB] . So, by Lemma [1] n(G, r) C Ker(7r). Hence H ^ 
n(G, r). This completes the proof of the theorem. □ 

Proof of Corollary 31 By Reduction Principle we may assume that G = (eo) + H. Since 
(e ) D H — {0} and e of infinite order, G = Z © H . So the assertion follows from Proposition 

m □ 

Proof of Corollary [5j By Baer's Theorem and Reduction Principle we may assume that 
G = Z(p°°) + H = 7j(p°°) © Hi, where H D Hi. So the assertion follows from Proposition [2j □ 

Proof of Proposition [H Let us endow the group G under the asterisk group topology 
[T3] . By the Kaplan Theorem [T5] , G A = Ylaei^a- Since G A is trivial, then also G A is trivial. 
□ 

Proof of Theorem [3j By the Priifer Theorem (Theorem 11.2 [8]), we may assume that G 
has the form G = peM 0^=i ^{p ai ' p Y ki ' p \ where > and 1 < ai tP < ■ ■ ■ < a np . p and M is 
a finite set of prime numbers. 

Let us prove that G admits a MinAP group topology. Since the von Neumann radical of 
a finite product of topological groups is the product of their von Neumann radicals, we may 
assume that G is a p-group. So we may assume that G has the form 

n 

G = Z(p a ')^\ where h > and 1 a x < ■ ■ ■ < a n . 

i=i 

Let Bi be the set of all indexes i such that ki < oo and B2 be the set of all i for which k{ — 00. 
Since, by hypothesis, k n = 00, we can represent G in the form 

G = ( Z(p a >y k >1 © Z(p a ") H ©00 Z(p a H , 

where the cardinal number ki is infinite and such that ki = u-ki for every i E B2. By Corollary 
[21 each group in this representation of G admits a complete MinAP group topology. Thus, by 
Proposition HI G admits a MinAP group topology. 

Let us prove the converse assertion. (We repeat the arguments of D. Remus (see [S]). 
Assuming the converse, we obtain that there is p 6 M such that k npotPO < 00. Set m : = 

exp G/p Q np °' P0 and n : G — > G, ir(g) = mg. Then n(G) 7^ and, by our hypotheses, ir(G) is 
finite. 
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Now let t be any Hausdorff group topology on G. Then Ker(7r) is open and closed and, 
hence, dually closed and dually embedded [16]. So, by Lemma [fl n(G,r) C Ker(7r). Hence 
G 7^ n(G, t). It is a contradiction. This completes the proof of the theorem. □ 
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